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a b s t r a c t
We develop a new flux-limiter method based on the Richtmyer two-step Lax–Wendroff
(R2LW) method coupled with a conservative upwind method and a nonconventional flux-
limiter function. The proposed method is TVD stable and preserves the linear stability
condition of the R2LW method. The numerical results show that this method improves
on the approximations obtained by standard first-order and second-order TVD schemes.
The new method provides accurate results for nonlinear hyperbolic equations with
discontinuous solutions.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We consider the conservative hyperbolic equation
ut + f (u)x = 0, x ∈ R, t ≥ 0, (1)
u(x, 0) = u0(x),
where u = u(x, t) is a scalar field carried along by a nonlinear flux function, f = f (u(x, t)). We will restrict our attention to
convex flows of Burgers type and nonconvex flows of Buckley–Leverett type.
Several finite differencemethods have been adapted and developed for solving conservative hyperbolic equations such as
(1). Some of themost well-knownmethods are the upwind schemes and the centered numerical schemes such as the family
of Lax–Wendroff methods [1,2]. It is important to remark that there are cases where the upwindmethods give very smeared
solutions and the Lax–Wendroff schemes produce numerical oscillation due to the second order of accuracy [3]. To solve
these issues a family of high order TVD schemes have been developed which are characterized by successfully capturing
shock waves and by providing nonoscillatory solutions [4–10]. However, these schemes sometimes show the effect of their
numerical viscosity, causing smearing in the discontinuities [11].
In this paper, we make a contribution to solving nonlinear hyperbolic equations by building a new TVD flux-limiter
method that reduces the numerical diffusion at discontinuities. Our aim is to obtain accuracy, TVD stability and algebraic
simplicity all at once. For these purposes, we incorporate in the Richtmyer two-step Lax–Wendroff (R2LW) method a
conservative upwind scheme in the predictor step and a nonconventional flux-limiter function in the corrector step.
An important feature of the new method lies in measuring the smoothness of the function f as follows:
f (u)x(x, t) ≈ 1h [θ (f (u(x+ h, t))− f (u(x, t)))+ (1− θ) (f (u(x, t))− f (u(x− h, t)))] , (2)
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where
θ = |f (u(x, t))− f (u(x− h, t))||f (u(x+ h, t))− f (u(x, t))| + |f (u(x, t))− f (u(x− h, t))| . (3)
This approximation gives more weight to the lateral finite difference with the smallest magnitude and if the two differences
are very similar in magnitude, then we recover the central difference approximation; see [12]. The approximation (2)–(3)
of the derivative is designed to reduce numerical dissipation, making the proposed method capable of accurately handling
discontinuous solutions.
The paper is organized as follows: In Section 2, the new flux-limiter method is developed. In the following section, we
prove the consistency, the linear stability and the TVD stability of our scheme. Finally, for the validation of the TVD flux-
limiter method, we consider some standard benchmark tests for the inviscid Burgers and the Buckley–Leverett equations
with discontinuous solutions. In the numerical results, we show the improvement of the approximations of the newmethod
over the approximation obtained by the R2LW method, by the associated upwind method and by the Minmod flux-limiter
scheme.
2. The new flux-limiter scheme
In this section we develop the new flux-limiter method and we start by choosing a uniform grid with the mesh width,
h, and the time step, k, constant. We define the discrete mesh points (xj, tn) by xj = jh for j ∈ Z and tn = nk for n ∈ N. We
denote by Unj the approximation to the solution u(xj, tn) at the above grid points. Next, we introduce the scheme of the two
standard methods on which our method is based.
The Richtmyer two-step Lax–Wendroff method is
Predictor step Un+1/2j+1/2 =
1
2
[
Unj+1 + Unj −
k
h
(
f (Unj+1)− f (Unj )
)]
, (4)
Un+1/2j−1/2 =
1
2
[
Unj + Unj−1 −
k
h
(
f (Unj )− f (Unj−1)
)]
, (5)
Corrector step Un+1j = Unj −
k
h
[
f
(
Un+1/2j+1/2
)
− f
(
Un+1/2j−1/2
)]
. (6)
Thismethod is second-order accurate for smooth solutions to nonlinear hyperbolic equations [11]. The conservative upwind
scheme is an efficient algorithm that is first-order accurate for nonlinear problems with shock wave solutions [3] and it is
given by
Un+1j = Unj −
k
h
[
λ+
(
f (Unj )− f (Unj−1)
)− λ− (f (Unj+1)− f (Unj ))] (7)
with
λ+ = max
(
fu(Unj )
|fu(Unj )|
, 0
)
and λ− = min
(
fu(Unj )
|fu(Unj )|
, 0
)
,
where fu denotes the partial derivative of f with respect to u.
The first step of the new flux-limiter method is obtained by adding a new approximation point Un+1/2j in the predictor
step of the R2LWmethod. This new point is defined by the conservative upwind scheme (7). The second step of our method
is based on the following Taylor series expansion:
u(xj, tn + k) = u
(
xj, tn + k2
)
− k
2
f (u)x
(
xj, tn + k2
)
+ O(k2), (8)
since ut = −f (u)x. To obtain the corrector step of the new method, we approximate f (u)x in (8) by the weighted finite
difference (2). Summarizing, we write the new flux-limiter method as
Predictor step
Un+1/2j+1/2 =
1
2
(
Unj + Unj+1
)− k
2h
(
f
(
Unj+1
)− f (Unj )) , (9)
Un+1/2j−1/2 =
1
2
(
Unj + Unj−1
)− k
2h
(
f
(
Unj
)− f (Unj−1)) , (10)
Un+1/2j = Unj −
k
2h
[
λ+
(
f (Unj )− f (Unj−1)
)− λ− (f (Unj+1)− f (Unj ))] (11)
Corrector step
Un+1j = Un+1/2j −
k
h
[
φ
(
θ
n+1/2
j
) (
f
(
Un+1/2j+1/2
)
− f
(
Un+1/2j
))
+ φ(θn+1/2j−1/2 )
(
f
(
Un+1/2j
)
− f
(
Un+1/2j−1/2
))]
, (12)
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where
θ
n+1/2
j =
∣∣∣f (Un+1/2j )− f (Un+1/2j−1/2 )∣∣∣∣∣∣f (Un+1/2j+1/2 )− f (Un+1/2j )∣∣∣+ ∣∣∣f (Un+1/2j )− f (Un+1/2j−1/2 )∣∣∣ , (13)
θ
n+1/2
j−1/2 = 1− θn+1/2j , (14)
and φ is the flux-limiter function defined in the following section.
3. Numerical properties
In this section we prove that the new finite difference scheme (9)–(13) possesses essential numerical properties such
as consistency and linear stability. Also we define the flux-limiter function, φ, to verify the TVD stability property which
ensures the nonlinear convergence of the method.
3.1. Consistency
We denote the local truncation error as τ(x, t), and to show consistency we need to prove that τ(x, t)→ 0 as k, h→ 0;
see [3].
Proposition 3.1. The flux-limiter method defined in (9)–(13) is consistent.
Proof. By Eq. (1), using Taylor series expansions about (x, t) and assuming that u and f (u) are smooth enough functions,
we obtain that the local truncation error of the method is given by
τ(x, t) =
[
1
2
ut + k8utt +
k2
48
uttt + O(k3)
]
+
[
1
2
f (u)x + (2θ − 1)h8 f (u)xx +
h2
48
f (u)xxx + (2θ − 1)O(h3)
]
= − k
8
f (u)xt − k
2
48
f (u)xtt + O(k3)+ (2θ − 1)h8 f (u)xx +
h2
48
f (u)xxx + (2θ − 1)O(h3),
and thus
τ(x, t) = (2θ − 1)O(h)+ O(h2)+ O(k2). (15)
Therefore the newmethod is certainly consistent of first-order accurate in time and second-order or first-order accurate in
space depending on the value of θ . 
3.2. Linear stability
This subsection provides a von Neumann stability analysis of the proposed method; for the details of the Neumann
analysis we refer the reader to [13]. We prove that the new flux-limiter scheme and the R2LW method share the same
stability condition for a linear hyperbolic equation:
ut + aux = 0, x ∈ R, t ≥ 0, (16)
u(x, 0) = u0(x),
where u = u(x, t) is a scalar field transported by a flow of constant velocity a, with a ∈ R. We rewrite the method (9)–(13)
for the Eq. (16) as
Un+1j = Unj −
ak
2h
[
(θa+ a−) (Unj+1 − Unj )+ ((1− θ)a+ a+) (Unj − Unj−1)]
+ 1
2
(
k
h
)2
a
(
θa+ + (1− θ)a−) [Unj+1 − 2Unj + Unj−1] , (17)
where
θ =
∣∣Unj − Unj−1∣∣∣∣(1− kha) (Unj+1 − Unj )+ kha (Unj − Unj−1)∣∣+ ∣∣Unj − Unj−1∣∣ , (18)
with a+ = max (a, 0) and a− = min (a, 0).
For the first stage of the Von Neumann analysis, we let ξ ∈ [−pi/h, pi/h], Unj = eijhξ and Un+1j = g(ξ)eijhξ . Substituting
the previous expressions in (17) and after some algebraicmanipulations, the amplification factor associatedwith ourmethod
is given by
g(ξ) = 1+ 1
2
ar
[
1− 2θ + |a|
a
+ r (θa+ + (1− θ)a−)] (cos(hξ)− 1)− iar sen(hξ). (19)
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Let us define
p = ar and q = 1
2
ar
[
1− 2θ + |a|
a
+ r (θa+ + (1− θ)a−)] , (20)
where r = k/h and also
x(ξ) = 1+ q (cos(hξ)− 1) and y(ξ) = −p sen(hξ), (21)
and then
g(ξ) = x(ξ)+ iy(ξ).
Our method is stable if we can guarantee that |g(ξ)| ≤ 1 for all ξ ∈ [−pi/h, pi/h]. Notice that the points (x(ξ), y(ξ))
defined in (21) satisfy(
x(ξ)− (1− q)
q
)2
+
(
y(ξ)
p
)2
= 1, (22)
which is an ellipse equation in the complex plane. Therefore, we get stability of our method if the ellipse (22) is contained in
the unit circle. The following two lemmas are used to get sufficient conditions for the linear stability of the new flux-limiter
scheme.
Lemma 3.1. The ellipse determined by (22) is completely contained in the unit circle if and only if 0 < q ≤ 1 and |p| ≤ 1 and
one of the following conditions:
p2 − q2 ≤ 0
or {
0 < q− p2
0 < p2 − q2
is satisfied where p, q are given by (20).
Proof. The proof of this lemma is straightforward. 
Lemma 3.2. (i) If |p| < 1 and 0 < θ < 1, then q2 < p2.
(ii) If |p| < 1 and 0 < θ < 1, then p2 < q.
Proof. (i) From the definition (20) we have that if a > 0 then the condition |p| < 1 is equivalent to 0 < 1 − p < 1; then
using 0 < θ < 1 we get θ(1 − p) < 1. This last inequality is equivalent to [(1− θ)+ arθ ]2 < 1. Finally, using the
definition of p and q, we get q2 < p2. Similarly, we can prove the case a < 0.
(ii) As before, we separate into two cases depending of the sign of the eigenvalues. If a > 0, the condition 0 < ar < 1
implies that 0 < (1− θ)(1− ar), which is equivalent to a2r2 < [(1− θ)+ arθ ]; therefore p2 < q. Analogously we can
prove the case a < 0. 
Proposition 3.2. The scheme (17) is stable if
|ar| ≤ 1. (23)
Proof. If we assume the condition (23), then by Lemma 3.2 we have that if p2 < q and q2 < p2 then 0 < q and q2 < q. These
two last inequalities imply that 0 < q < 1. Using Lemma 3.1, we conclude that the ellipse determined by (22) is completely
contained in the unit circle. Therefore, |g(ξ)| ≤ 1 for all ξ ∈ [−pi/h, pi/h]. 
Corollary 3.1. The scheme (17) is convergent if condition (23) is satisfied.
Proof. Straightforward by Propositions 3.1–3.2 and the Lax Equivalence Theorem [3]. 
3.3. TVD stability
Next we give sufficient conditions for the new flux-limiter scheme to be TVD for nonlinear hyperbolic equations.
Proposition 3.3. The scheme (9)–(13) for (1) is TVD stable if the CFL condition is satisfied:
|cnj | ≤ 1 ∀j, n
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where cnj = rfu(Unj ) and if |cnj | ≤ 12 the flux-limiter function is given by
φ
(
θ
n+1/2
j
)
=

0 bnj ≤ 0,(
θ
n+1/2
j
)µ
0 < bnj < 5,
θ
n+1/2
j b
n
j ≥ 5,
(24)
and if |cnj | > 12 then
φ
(
θ
n+1/2
j
)
=

0 bnj ≤ 0,
1
2
θ
n+1/2
j 0 < b
n
j ,
(25)
where the local flow parameter is determined by
bnj =

Unj+1 − Unj
Unj − Unj−1
cnj ≥ 0,
Unj − Unj−1
Unj+1 − Unj
cnj < 0,
(26)
θ
n+1/2
j is the parameter defined by (13) and µ ∈ [0.7, 1].
Proof. We use Harten’s theorem to prove the TVD property; see [3]. First we rewrite the scheme (9)–(13) in the form
Un+1j = Unj −
r
2
[
λ+
(
f (Unj )− f (Unj−1)
)− λ− (f (Unj+1)− f (Unj ))]
− r
[
φ
n+1/2
j
(
f
(
Un+1/2j+1/2
)
− f
(
Un+1/2j
))
+ φn+1/2j−1/2
(
f
(
Un+1/2j
)
− f
(
Un+1/2j−1/2
))]
. (27)
Assuming that f is a smooth function, we apply the mean value theorem in (27) for each gradient of f obtaining
Un+1j = Unj −
r
2
[
λ+fu(ξ nj−1)
(
Unj − Unj−1
)− λ−fu(ξ nj ) (Unj+1 − Unj )]
− r
[
φ
n+1/2
j fu(ξ
n+1/2
j )
(
Un+1/2j+1/2 − Un+1/2j
)
+ φn+1/2j−1/2 fu(ξ n+1/2j−1/2 )
(
Un+1/2j − Un+1/2j−1/2
)]
, (28)
where ξ ls is between U
l
s and U
l
s+1. Substituting U
n+1/2
j+1/2 , U
n+1/2
j and U
n+1/2
j−1/2 defined by (9)–(11) into expression (28) gives
Un+1j = Unj −
1
2
[
λ+σ nj−1
(
1+ φn+1/2j σ n+1/2j − φn+1/2j−1/2 σ n+1/2j−1/2
)
+ φn+1/2j−1/2 σ n+1/2j−1/2
(
1+ σ nj−1
)] (
Unj − Unj−1
)
+ 1
2
[
λ−σ nj
(
1+ φn+1/2j σ n+1/2j − φn+1/2j−1/2 σ n+1/2j−1/2
)
+ φn+1/2j σ n+1/2j
(
σ nj − 1
)] (
Unj+1 − Unj
)
, (29)
where σ nm = rfu(ξ nm). By the CFL condition and assuming, for simplicity, that all coefficients σ nm are positive we take the
Harten coefficients as
Cj−1 = 12
[
α1φ
n+1/2
j + γ1φn+1/2j−1/2 + β1
]
,
Dj = 0,
where α1 = σ n+1/2j
(
σ nj−1 + (1− σ nj )bnj
)
, γ1 = σ n+1/2j−1/2 and β1 = σ nj−1. Then the flux-limiter function given by (24)–(25)
satisfies the condition 0 ≤ Cj−1 ≤ 1. If all coefficients σ nm are negative we take
Cj−1 = 0,
Dj = 12
[
α2φ
n+1/2
j−1/2 + γ2φn+1/2j + β2
]
,
setting α2 = −σ n+1/2j−1/2
(−σ nj + (1+ σ nj−1)bnj ), γ2 = −σ n+1/2j and β2 = −σ nj ; the condition 0 ≤ Dj ≤ 1 is verified by the
flux-limiter function (24)–(25). 
In the following numerical results the value of µ = 0.7 is selected in order to optimize the approximations.
4. Numerical results
In this section we show the effectiveness of the new TVD flux-limiter method for solving numerically conservative
nonlinear hyperbolic equations with convex and nonconvex flux functions. The numerical examples for testing these
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Fig. 1. Test 4.1.1. Comparison of numerical results and the exact solution with h = 0.067 and k = 0.008 at 40 time steps.
methods are chosen for two reasons: the first one is that an exact solution with pre-established conditions is known and the
second one is the existence of shockwaves.We compare the performances of ourmethod against those of the R2LW scheme
(6), the conservative upwind scheme defined in (7) and several standard first-order and second-order TVD schemes from [9].
Since the numerical results of the standard TVD schemes for all tests are very similar, we only show the approximations
obtained by the Minmod flux-limiter method.
4.1. The inviscid Burgers equation
Let us apply the four aforementioned schemes (R2LW, conservative upwind, Minmod limiter and new limiter) to solve
the inviscid Burgers equation
ut +
(
1
2
u2
)
x
= 0, (30)
with discontinuous initial conditions of different types.
Test 4.1.1. In this first case we study the propagation of an isolated shock moving to the right in the domain [−2, 2]. The
initial condition for Eq. (30) is given by
u(x, 0) =
{
2 if x ≤ 0,
1 if x > 0.
In Fig. 1, we present the comparison of the exact solution of (30) with the numerical results from the four methods at time
t = 0.333 units. The R2LW scheme shows an unphysical oscillating propagation in the discontinuity. The conservative
upwind and Minmod limiter preserve the profile of the exact solution but these methods exhibit numerical smearing near
of the shock surface. Note that the new scheme reduces the numerical diffusion of the previous methods in the shock wave.
Test 4.1.2. Now let us consider the inviscid Burgers equation with an initial condition given by
u(x, 0) =
{−1 if x < 1,
1 if x ≥ 1.
The exact solution is a transonic rarefaction wave in the spatial domain [0, 2]. The numerical results show that the R2LW
scheme correctly captures the discontinuity; see Fig. 2. On the other hand, the new limiter scheme captures the rarefaction
wave but introduces a spurious shock in the solution. Thus, this example exhibits a possible disadvantage of the proposed
scheme for transonic rarefactions.
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Fig. 2. Test 4.1.2. Comparison of numerical results and the exact solution with h = 0.022 and k = 0.004 at 60 time steps.
Fig. 3. Comparison of numerical results and the exact solution for Eq. (31) with h = 0.02 and k = 0.008 at 40 time steps.
4.2. The nonlinear advection equation with discontinuous flux
Here we analyze the performance of the four methods in numerically solving a nonlinear advection equation with a
discontinuous flux function such as
ut +
(
1
2
a(x)u2
)
x
= 0 where a(x) =
{
1 if x ≤ 1,
2 if x > 1, (31)
with initial condition
u(x, 0) = 1.
In Fig. 3 the results from the four schemes are shown at time t = 0.336 units. Once again the R2LW method exhibits
numerical oscillations near the discontinuities. The conservative upwindmethod presents a diffusive behaviorwhen dealing
with rarefaction waves. In this case the Minmod limiter and new limiter approximations are very similar to the exact
solution.
4.3. The Buckley–Leverett equation
Finally, we want to assess the robustness and accuracy of the new limiter method for hyperbolic equations with
nonconvex flux function, so we consider the Buckley–Leverett equation; see [14]. This equation models the behavior of
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Fig. 4. Comparison of numerical results and the exact solution for Eq. (32) with h = 0.04 and k = 0.014 at 70 time steps.
a two-phase fluid flow in a porous medium and is given by
ut +
(
u2
u2 + 12 (1− u)2
)
x
= 0. (32)
For this numerical test we use the discontinuous initial condition
u(x, 0) =
{
1 if − 0.5 ≤ x ≤ 0,
0 if 0 < x ≤ 1.5.
The computed results are obtained at time t = 1.0 units. Fig. 4 shows how the effects of numerical dispersion ruin
the approximation of the R2LW method and that the conservative upwind scheme does not detect the jump. The Minmod
limiter method offers a fine approximation to the exact solution but the new limiter scheme gives a better one since this
algorithm removes the smearing of the previous methods produced in the shock.
5. Conclusions
In this work we have developed a convergent finite difference method for solving nonlinear hyperbolic equations with
high accuracy. Our method is based on two simple schemes, namely a conservative upwind scheme and the Richtmyer
two-step Lax–Wendroff method. The main feature of the new flux-limiter scheme is that it overcomes serious issues of the
basis methods such as ghost oscillations and smear approximations. The newmethod is TVD stable and preserves the linear
stability condition of the R2LWmethod. As future work, we intend to extend the method to hyperbolic systems.
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